Integrability theorem for Fourier series and Parseval equation  by Izumi, Masako & Izumi, Shin-ichi
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 18, 252-261 (1967) 
lntegrability Theorem for Fourier Series and Parseval Equation 
MASAKO IZUMI AND SHIN-ICHI IZUMI 
Department of Mathematics 
Australian National University, Box 4, P.O., Canberra, Australia 
Submitted by R. P. Boas 
1. Let f be a real-valued function, absolutely integrable on (0, 2~) and 
letf(x) =f(.x + 274 f or all x. We denote its Fourier series by 
f(x) - $ + f (an cos nx + b, sin 72x), 
?a=1 
where 
a, = : jrf(x) cos nx dx (n = 0, 1,2 ,... ), 
b, = i /ff (x) sin TZX dx (n = 1,2,...), 
which are called Fourier coefficients off. If f is even, then 
f(x) -2 + f a, cos nx, an = $ /if(x) cos 71x dx (fz = 0, 1,2 ,... ). 
n-1 
Similarly, if f is odd, then 
f(x) - iI b, sin nx, b,, = $1: f(x) sin nx dx (rz = 1, 2,...). 
We shall discuss cosine and sine series separately. 
We have proved the following theorem [l]. 
THEOREM I. Let 0 < y < 1 and f(x)- X:=1 a, cos nx. If the function 
plf (x) is absolutely integrable on (0, a), then the series Czahl a&y converges. 
Cowersely, if cn(opI a,@ comerges absolutely, then the function xv-l f(x) is 
integrable in the Cauchy sense, i.e., 
x+f(x)dx = 
s 
n x+f(x) dx. 
-0 
A similar theorem holds for sine series. 
252 
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Later P. Heywood [2] has proved the same theorem independently and his 
method of proof is different from ours. 
Recently M. M. Robertson [3] generalized Theorem I as follows : 
THEOREM II. Suppose that v(x) 6 positive and integrable on (0, P), und 
f(x) - CL 12 a cos nx. If 7 *f is absolutely integrable on (0, rr) and 
t ~(4 dx < W) 
0 X,6: for all t in (0, S), (1) 
I 
8 
x-l v(x) dx < CT(t) 
t 
then the series Et1 a, J1’n q(x) dx converges. 
The same holds for sme series when the condition (1) is replaced by 
I 
t t-1 r](x) dx G W) 
0 
3C,6: for all t in (0,6). (2) 
x2 q(x) dx < Ct-’ T(t) 
t 
The condition (2) is weaker than (1). 
THEOREM III. Suppose that T(X) is a positive and decreasing 
integrable on (0, T) andf (x) - xzzEl a / 
unction, 
,, cos nx. If the se& CE=l a, Ji ’ v(x) dx 
converges absolutely and 
t x, 8 : t-1 
f rl(4 dx G CT(t) 
for all t in (0, S), (3) 
0 
then the integral s” r](x) f (x) dx exists. 
The same holdz’for sine series. 
If we put T(X) = xv-l (0 < y < 1) in Theorems II and III, then we get 
Theorem I. 
The object of this paper is to prove the following theorems. 
THEOREM 1. Suppose that f(x) is a positive and integrable function on (0, ?I) 
and f(x) - Czcl a, cos nx. If t(x) is decreasing and C,“I an St”’ f(x) dx 
converges absolutely, then the integral !I, Qx)f(x) dx exists and 
zl a,P, = ; ,:,f (x) 5(x) dx, 
where f(x) - zzzl pm cos nx and the left-side series converges absolutely. 
Theorem holds also for sine series. 
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This is a generalization of Theorem III and the proof, given in Section 2, 
will be simpler than the proof of Theorem III and even simpler than the 
method of proof of Theorem I due to Heywood and ourselves. 
There is a dual of Theorem 1. 
THEOREM 2. Let f(x) and f(x) be even and absoZuteZy integrable func- 
tions on (0, 71) and their Fourier series be 
If Pn 5-o fd f (4 * Y/ x is absolutely integrable where P(u) = Cngrp,, , > 
then the SeYieS C,“l n n a p converges and the Parseval equation 
holds, where the left-side integral exists as a Lebesgue integral. 
Theorem 2 may be obtained from Theorem 1 by interchanging functions 
and their Fourier coefficients, summation and integration, discrete variable 12 
and continuous variable x. 
Theorem II is a particular case of Theorem 2. For, if we put 
then 
p,, = 1:‘” q(x) dx, 
if we suppose 6 = 1. The case 6 # 1 may be treated similarly. 
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Theorem 2 holds also for sine series, but we can prove a little more general 
one. 
THEOREM 3. Let f and 6 be odd integrable functions on (0, CT) and their 
Fourier series be 
f (4 - zl b, sin ftx, t(x) - fjl p, sin nx. 
If p,, 4 0 andf (x) * Q( I/x) is absolutely integrable where 
then the series z* nS-l b,,p% converges and the Parseval equation holds, i.e., 
where the left-side integral converges absolutely. 
Evidently Q(l/x) < P(l/ x , ) and then the assumption of this theorem is 
weaker than that of Theorem 2. This theorem contains the second 
Theorem II as a particular case. For, if we put pn = Jy T(t) dt, then 
part of 
by condition (2). 
There is a theorem dual to Theorem 3 just as Theorem 2 is dual to Theo- 
rem 1. 
THEOREM 4. Let f(x) be an odd, positive and decreasikg function on (0, TT) 
and f be also an odd function. If the series x-I nb,, si’” x4(x) dx is absolutely 
convergent, then the integral J’I, f (x) f(x) dx edits and the Parseval equation 
holds. 
This contains the sine series part of Theorem III as a particular case. 
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THEOREM 5. Let f (x) and t(x) be even integrable functions on (0, T) and 
their Fourier series be (4). If p, J 0 and 
P(iV)/‘Nif(x)ldx-+O as N-03, 
0 
then xzX1 a,p, converges if and only if the Cauchy integral 
converges. If one of them converges, then the Parseval equation 
J:of(4 S(x) dx 
holds. 
Theorem 5 holds also for sine series. 
From this theorem we can get the following corollaries. 
First, taking p, = l/n, we get 
COROLLARY 1. If log n 6’” If(x) 1 dx -+ 0 as n -+ 00, then the series 
xzzl a&z converges if and only if JI,f (x) s,(x) dx converges where 
Further if one of them converges, then 
,c, 2 = ; /:,-f(x) Mx) fix. 
G. H. Hardy and J. E. Littlewood ([6], I, p. 228) have proved that iff * 4, 
is absolutely integrable, then X:=1 a,& converges and the Parseval equation 
holds. This is contained in Corollary 1. In order to see this, it is sufficient 
to show that the absolute integrability of ftl implies log n Ji’, 1 f(x) I dx + 0. 
Since 
1 
t1(x) = log 2 1 sin * x 1 ’ 
this follows from the following inequality: 
= A log n f:l if(x) 1 dx - A ,:;l$ j-l,_ If(t) ) dt, 
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where the last integral is equal to 
asm+coandthenn+co. 
Next we take p,, = I/S’ (0 < y < 1); then we have 
COROLLARY 2. If n(l-y)‘y jl’” 1 f(x) I dx -+ 0 as n + co whine 0 < y < 1, 
then the series C,“=l a&y conve&es if and only if the integral j-1, f (x) f,(x) dx 
converges where 
Further, Q one of them converges, then 
Finally we take p, = Jy q(x) dx where T(X) 3 0. Then 
COROLLARY 3. Let T(X) be a positive and integrable function such that 
v(x) < l/2/- and n Ji’” 1 f(x) 1 dx -+ 0 as n --t CL), then the series 
CL1 a, Jr r](x) dx converges if and onZy if the integral J’_$f(x) &3(x) dx 
converges, where 
6(x) - ‘f cos nx 1:‘” T(t) dt. 
?I=1 
If one of them converges, then the Parsewal equation holds. 
2. PROOF OF THEOREM 1. We need the following lemma. 
LEMMA 1. If g(x) is positive and decreasing on (0, 00) and k integrable 
in any jkite interval, then 
The proof is evident graphically. 
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We shall first prove that JIf(x) 5(x) dx -+ 0 as OL and ,i3 tend to zero. Now 
/‘f(x) S(x) dx = ‘$ a, s” e(x) cos nx dx 
a ?a==1 e 
for any integer N. Since f(x) decreases, we have 
Is 1 t(x) cos nx dx / = / ; s” .$ (f) cos w de, ( 
aj,~~~Xihir~~~(x)dx,,i:l.i(x)dx 
by Lemma 1. Therefore we have 
For any z > 0, we can take N so that the second term on the right side is less 
than r/2 and then take 01 and /I so small that the first term on the right side 
is less than c/2. Then we get 1 s”f(x) t(x) dx 1 < E for all sufficiently small 
OL and /3. 
OL 
The Parseval equation is easily seen. 
For the proof of the sine series part of Theorem 1, we use the following 
lemma. 
LEMMA 2. Ifg( ) x is a positive and decreasing function cm (0, co) and is 
integrable in any finite interval, then 
0 </:g(x)sinxdx<J:g(x)dx ford a>O. 
3. PROOF OF THEOREM 2. We shall use a lemma due to E. Hille and 
J. D. Tamarkin [4] (see [5]). 
LEMMA 3. We suppose that p, JO; then 
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For the proof of Theorem 2, we shall write 
using the definition. Then we have 
111 <j:i”if(*)lP(+)dx-0 as N-too 
by Lemma 3, (i) and the assumption. Further we write 
Now, there is a sequence (A,,) such that n > A, -+ co but A&, + 0 as n + 00. 
We put 
then 
as N+ co where p(u) = p( [u]) and 
I J22l GPNJ-q 
l/AN 
~d,~x,p,~~,nNIj(x)ldr~o as N-boo. 
Thus 1s + 0 as N+ co. Since t(x) < P(l/x), Jr tends to the integral 
h j(x) t(x) dx as N -+ co. Therefore we have proved the theorem. 
4. PROOF OF THEOREM 3. It is easy to see that 1 f(x) 1 < CQ(l/x). 
As in the proof of Theorem 2, we write 
Since j(x) * Q(l/x) is absolutely integrable, 
/~xIj(x)I(lfnp~)dx+O as N+co. 
n-1 
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The left side is not less than 
s l/N x If(x) I dx - 2 Nan 0 n=1 




< 2x C np, . 
n=1 
The proof of Theorem 4 is easy from the following equation 
and the lemma: 
LEMMA 4. If [ is positive and decreasirzg on (0, co), then 
I i t(x) sin nx dx < 2n /:,‘. x[(x) dx for every a > 0. 
The proof of Lemma 4 is evident graphically. 
5. PROOF OF THEOREM 5. We have 
where 
by the assumption. We write 
J = /lNf (4 64 h - /,f (4 (, ;+l IJ~ ~0s -) dx = J1 - Jz . 
Taking A,, as in the proof of Theorem 2, we decompose Ja as 
Jz = sz + ,;,A = 121 + 122 9 
N 
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and 
Therefore 
if one of the sides exists. 
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